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Pre-transitional compressible boundary layers perturbed by low-frequency free-stream

vortical disturbances and flowing over plates with streamwise concave curvature are
studied via matched asymptotic expansions and numerically. The Mach number, the
Görtler number, and the frequency of the free-stream disturbance are varied to obtain
the neutral stability curves, i.e. curves in the space of the parameters that distinguish
spatially growing from spatially decaying perturbations. The receptivity approach is used
to calculate the evolution of Klebanoff modes, highly-oblique Tollmien-Schlichting waves
influenced by the concave curvature of the wall, and Görtler vortices. The Klebanoff
modes always evolve from the leading edge, the Görtler vortices dominate when the
influence of the curvature becomes significant, and the Tollmien-Schlichting waves may
precede the Görtler vortices for moderate Görtler numbers. For relatively high frequencies
the triple-deck formalism allows us to confirm the numerical result of the negligible
influence of the curvature on the Tollmien-Schlichting waves when the Görtler number is
an order-one quantity. Experimental data for compressible Görtler flows are mapped onto
our neutral-curve graphs and earlier theoretical results are compared with our predictions.

1. Introduction

In this paper we study pre-transitional compressible boundary layers evolving over
concave surfaces and exposed to free-stream vortical disturbances. We focus on the
neutral stability curves, i.e. curves that distinguish the regions of growth and decay
of the boundary-layer perturbations in the space of the Mach number and the scaled
wall curvature, frequency, and wavenumbers.

Viaro & Ricco (2018) extended the receptivity theory of Wu et al. (2011) for incom-
pressible Görtler flow engendered by free-stream vortical disturbances to resolve the
open problem of the non-uniqueness of the neutral curve, first pointed out by Hall (1983)
for stationary Görtler vortices. Wu et al. (2011)’s framework is based on the unsteady
boundary-region equations, which are derived from the full Navier-Stokes equations in
the limit of low frequency and large Reynolds number, coupled with rigorous initial
and outer boundary conditions that synthesize the effects of the oncoming free-stream
disturbances. Viaro & Ricco (2018) showed that the neutral curve is unique if the
oncoming disturbances, and therefore the initial and free-stream boundary conditions,
are specified. They considered a wide range of curvatures and wavenumbers, and used
the receptivity approach to track the streamwise evolution of the perturbations from
the leading edge. The study of Viaro & Ricco (2018) thus confirms that the eigenvalue
framework of El-Hady & Verma (1983) for stationary Görtler vortices is invalid for
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Figure 1: Schematic of the evolution of the perturbations for M=3, ky=1, and F=150
based on the parameters ς and β defined in (2.3) for the case of no G-vortices (G=0,
scenario 1 ) and the case of no TScc-waves (G>GE, scenario 2 ). The letter S indicates
stable flow and the Görtler number GE is defined in figure 4.

the computation of the neutral curves and it is only applicable for large spanwise
wavenumbers, as shown by Hall & Malik (1989).

We herein use the receptivity theory of Viaro & Ricco (2019) for compressible flows
over streamwise-concave surfaces to analyze the effect of compressibility on the neutral
curves computed by Viaro & Ricco (2018). We adopt the same notation, mathematical
framework, and numerical approach of Viaro & Ricco (2019), so the reader is referred to
that publication for further details. We investigate the effect of the Görtler number, the
frequency, and the Mach number, and in particular the impact of the oblique Tollmien-
Schlichting (TS) waves, studied by Ricco & Wu (2007) in the flat-plate case, on the
neutral curves. We confirm our numerical results by using the triple-deck theory to prove
that, at leading order, the curvature does not influence the TS-wave instability and we
conclude by mapping experimental data on our neutral-curve graphs and by comparing
our predictions with earlier theoretical results.

2. Mathematical framework

2.1. Flow definition and scaling

We consider a uniform compressible air flow of velocity U∗∞ and temperature T ∗∞
past an adiabatic streamwise-concave plate with constant radius of curvature r∗. The
flow domain is shown in figure 1 and we use the asterisk ∗ to identify dimensional
quantities. A kinematic and thermal boundary layer forms over the curved plate. Vortical
disturbances are passively advected by the uniform free-stream flow and are modeled as
three-dimensional gusts, which, sufficiently upstream and away from the plate, have the
form

u− i = εû∞ ei(k·x−kxRt̂) + c.c., (2.1)

where ε is a small parameter, x={x, y, z} denotes the streamwise, wall-normal, and
spanwise directions, k={kx, ky, kz} defines the wavenumber vector, û∞={û∞, v̂∞, ŵ∞}
is the amplitude of the free-stream disturbance, c.c. indicates the complex conjugate,
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and i is the unit vector of the streamwise direction. The vectors k and û∞ satisfy the
solenoidal condition k·û∞=0. Lengths are scaled by Λ∗z=λ

∗
z/2π, where λ∗z is the spanwise

wavelength of the gust, velocities are scaled by U∗∞, and the pressure is scaled by ρ∗∞U
∗2
∞ ,

where ρ∗∞ is the free-stream air density. The Reynolds number is R=U∗∞Λ
∗
z/ν
∗
∞�1,

where ν∗∞ is the kinematic viscosity of air in the free stream, the Görtler number is

G=R2Λ∗z/r
∗=O(1), and the Mach number is M=U∗∞/a

∗
∞=O(1), where a∗∞=(γR∗T ∗∞)

1/2
is

the speed of sound in the free stream, R∗=287.06 J kg−1 K−1 is the ideal gas constant for
air, and γ=1.4 is the ratio of specific heats. The scaled spanwise wavenumber is kz=1 and
the frequency parameter is F=kxR=2πΛ∗2z U

∗
∞/(λ

∗
xν
∗
∞). The coordinate x∗ and time t∗ are

scaled as x̂=x∗/(RΛ∗z) and t̂=U∗∞t
∗/(RΛ∗z) because low-frequency streamwise-elongated

perturbations are dominant in the boundary layer.

The boundary-layer velocity, pressure, and temperature q(x, t)={u, v, w, p, τ}(x, t) are
decomposed into their mean Q(x) and perturbation q′(x, t) as q=Q+εq′. As in Viaro &
Ricco (2019), the mean flow Q(x) is the compressible Blasius boundary layer without an
externally-imposed pressure gradient. The Dorodnitsyn-Howarth transformation is used
to scale the mean-flow equations in similarity form, for which the independent similarity

variable is η=Ȳ / (2x̂)
1/2

, where Ȳ (x̂, y)=
∫ y
0

[T (x̂, ȳ)]
−1

dȳ. The dynamic viscosity is
modeled as µ(T )=Tω, where ω=0.76, and the constant Prandtl number is Pr=0.707.
The perturbations are defined as

q′ = ikzw̆

{
Rū, (2x̂)1/2v̄,

1

ikz
w̄,

1

R
p̄, Rτ̄

}
ei(kzz−F t̂) + c.c., (2.2)

where w̆≡ŵ∞+ikz v̂
∞/(k2x+k2z)1/2=O(1) and q̄(x̂, η)={ū, v̄, w̄, p̄, τ̄}(x̂, η). As explained

by Leib et al. (1999) and Wu et al. (2011), the three-dimensional perturbations q̄ is
dominant inside the boundary layer. In the limits of large Reynolds number R�1, small
perturbations ε�R−1, and low frequency kx�1, the linearized unsteady boundary-region
(LUBR) equations for the perturbation flow are recovered by inserting the decomposed
q(x, t) into the full compressible Navier-Stokes and continuity equations, using (2.2), and
collecting O(ε) terms. The LUBR equations are coupled with the initial and boundary
conditions derived through asymptotic matching to synthesize the effect of the oncoming
free-stream vortical disturbances on the boundary layer (Leib et al. 1999; Viaro &
Ricco 2019). A second-order implicit finite-difference scheme is employed to solve the
LUBR equations (Ricco & Wu 2007), which are parabolic along the streamwise direction.
The four order-one parameters describing the flow are M, G, ky, and F , accounting for
the effects of compressibility, curvature, ratio of free-stream spanwise and wall-normal
wavelengths, and frequency, respectively.

2.2. Neutral curve parameters

Viaro & Ricco (2019) showed that, in low-frequency incompressible flows over concave
surfaces and for realistic streamwise distances, TS-waves do not appear and the perturba-
tions evolve as Klebanoff modes, labelled K-modes, or Görtler vortices, labelled G-vortices.
However, for finite Mach number and relatively high frequency, Ricco & Wu (2007)
showed that oblique first-mode TS-waves, studied by Smith (1989) through the triple-
deck formalism, are triggered over a flat plate by a leading-edge receptivity mechanism
analogous to the one first discovered by Goldstein (1983) for the incompressible case.
Therefore, in the presence of curvature, a low-frequency compressible boundary layer
may be unstable due to K-modes, TS-waves, or G-vortices. Following the work of Viaro &
Ricco (2018), the neutral curves and the different regions of instability can be mapped
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by the parameters

ς(x̂) ≡ dE(x̂)

dx̂
and β(x̂) ≡ d2|ū(x̂)|max

dx̂2
, (2.3)

where E(x̂)≡
∫∞
0
|ū(x̂, η)|2dη is the scaled perturbation energy divided by (2x̂)1/2 (Hall

1990) and |ū(x̂)|max≡max
η
|ū(x̂, η)| is the maximum along η of the amplitude of the

streamwise velocity perturbation, which is dominant over the other velocity components
inside the boundary layer.

Figure 1 represents a sketch of the instabilities categorized according to (2.3) for the
cases of zero Görtler number, where no G-vortices appear (scenario 1 ), and of sufficiently
large Görtler number, for which no TS-waves are detected (scenario 2 ). The flow is
unstable for ς>0 and stable for ς<0, with ς=0 defining the neutral points located at
x̂=x̂ς0 . For growing perturbations, the parameter β is instrumental in discriminating
between perturbations that display an algebraic-type growth (β<0), like the K-modes,
and perturbations that display an exponential-type growth (β>0), like the TS-waves
and the G-vortices. The condition β<0 distinguishes the K-modes from the other two
perturbations only if it is used during the initial stage of the evolution. This is because
TS-waves and G-vortices may also display a negative-β growth due to viscous attenuation,
following an initial positive-β growth. The choice of classifying the perturbations growing
with negative β from the leading edge as K-modes is supported by the theoretical studies
of Goldstein & Wundrow (1998) and Leib et al. (1999). In the proximity of the leading
edge, the spanwise viscous diffusion is negligible and the flow is thus described by the
boundary-layer equations: the initial growth is |ū(x̂, η)|=ηF ′′x̂/2, where F (η) is the
Blasius function, and therefore β=0. However, in the most common cases for which
the boundary-layer thickness is comparable with the spanwise wavelength, the spanwise
viscous effects attenuate the initial linear growth, which results in the algebraic negative-
β K-mode dynamics. The notation TScc is used to indicate TS-waves that are affected by
the concave curvature of the wall, but not sufficiently for the inviscid pressure-centrifugal
imbalance of the G-vortices to be fully operational. This terminology is appropriate
in a range of moderate Görtler numbers, although TS-waves and G-vortices become
indistinguishable from each other as the Görtler number increases. We indicate TS-waves
without the subscript cc when we refer to instability waves for cases with G=0.

3. Results

3.1. Effect of Mach number on the neutral curves

We first study the effect of compressibility on the neutral curves in the steady Görtler
case (F=0). Figure 2 (left) shows the stabilizing influence of the Mach number on the
neutral stability curves, i.e. the stable region becomes larger as M increases. This effect is
more intense at supersonic Mach numbers in agreement with the results of Viaro & Ricco
(2019) and previous studies (El-Hady & Verma 1983; Hall & Malik 1989). Figure 2 (right)
shows that the gap between the Görtler number corresponding to the local maximum,
GC1

, and the Görtler number corresponding to the local minimum, GB, (both represented
in Figure 2, left) grows as M increases, with GC1

influenced the most by compressibility.
For G > GC1

the perturbation shifts directly from Klebanoff modes to Görtler vortices,
whereas for G < GB no Görtler vortices are generated, even though the curvature is
present.
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Figure 2: Left: Neutral stability curves, x̂=x̂ς0 , for different M values, F=0, and ky=2.
Right: influence of M on the critical Görtler numbers GB and GC1

, shown in the left graph.
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Figure 3: Evolution of the neutral stability curves x̂=x̂ς0 as F increases for M=3 and
ky=1. Inset: Influence of F on GB.

3.2. Effect of frequency on the neutral curves

The change of the neutral curve in figure 2 (left) as the frequency increases is in figures
3 and 4 for M=3. The stable region expands as F grows. The inset of figure 3 (left) shows
that GB increases with F up to F=90, but it rapidly drops at larger F , as shown in figure
3 (right). It reaches zero when F=130.5. For F<130.5, no instability is found in the
flat-plate case (G=0) other than the K-modes. For F>130.5 two separate stable regions
and a new critical GB appear (GB=437 for F=150). Figure 4 shows that at F=150 the
stable region S1 is confined by nearly vertical lines, which demonstrates that the effect
of curvature on S1 is limited. As F increases, GC1

increases rapidly and the vertical lines
confining the stable region S1 become more parallel to the ordinate axis.

3.3. Regions of instability

We further analyze the case for F = 150, M = 3, and ky = 1, shown in figure 4.
At these flow conditions the neutral-stability map reveals that the boundary layer can
experience the three types of instability, i.e. the K-modes, the TScc-waves, and the G-
vortices. We identify the conditions for which these instabilities coexist using figures 5 and
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Figure 4: Neutral stability curve, x̂=x̂ς0 ( ), and regions of instability for F=150,
ky=1, and M=3. The blue full circles, located at {0.03, 0}, {0.3, 1000}, {1.2, 2300}, refer
to the velocity profiles shown in figure 5.

6 to support the discussion. Figure 5 (left) shows the x̂ evolution of the energy E(x̂), scaled
by the maximum value Emax,G0

≡max
x̂
|E(x̂)|G=0, for five representative Görtler numbers.

The energy maxima, M1 and M2, and the energy minimum m1 identify the conditions for
which ς=0. Figure 5 (right) displays the wall-normal profiles of |ū(x̂, η)|/|ū(x̂)|max that
are representative of the three types of perturbation. Figure 6 shows the x̂ evolutions
of ς(x̂), the growth rate of the perturbation (left), and of β(x̂), the curvature of the
maximum velocity with respect to x̂ (right).

Since curvature effects are not at work near the leading edge (Wu et al. 2011) and x̂ is
not large enough for the TS-wave receptivity mechanism studied by Ricco & Wu (2007)
to operate, only K-modes initially grow from the leading edge with β<0 at any G due to
the continuous free-stream forcing. The K-modes either stabilize downstream of the first
encountered neutral line at x̂=x̂ς0 or, for G>GC1

=1792, turn directly into G-vortices at

x̂=x̂K, indicated by the thick gray dotted line in figure 4 (scenario 2 of figure 1). This
zero-β line continues inside S1 as G decreases (thin gray dotted line, x̂=x̂β0) and identifies
the conditions for which the perturbation decay changes from strong to weak.

For the flat-plate case (G=0), the only growing perturbations are the K-modes and
the TS-waves. The K-modes start growing from the leading edge and dissipate rapidly
downstream of M1 due to viscous effects (Leib et al. 1999), as shown in figure 5 (left).
The combined influence of the frequency and the Mach number triggers the TS-waves at
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point A1, which display a second energy peak at M2. For these flow conditions, the TS-
waves are weaker than the K-modes and decay downstream of point A2, shown in figure 4.
This case is represented by scenario 1 in figure 1. If the frequency or the Mach number
increase, the oblique TS waves grow rapidly and the instability onset moves closer to the
leading edge. Ricco & Wu (2007) used the triple-deck formalism to study these cases at
relatively high frequencies.

As the curvature is introduced, the imbalance between pressure and centrifugal forces
energizes both the K-modes and the TScc-waves, but for G<GB this is not sufficient to alter
the zero-G pattern qualitatively, thus resulting in a boundary layer without G-vortices.
In figure 4 the thin gray dashed line represents the zero-β streamwise location x̂=x̂TSs
where the TScc-waves shift from a strong growth (TScc,S, β>0) to a weak growth (TScc,W,
β<0). The key observation here is that the first growth with β>0 downstream of S1 has
to be of the TScc-wave type because it evolves continuously from the flat plate scenario
for which centrifugal effects are absent. The influence of G on the onset of the TS-waves
is mild as the neutral lines are almost vertical. The negligible influence of the curvature
on the TScc-waves for G=O(1) is supported by the triple-deck analysis in §3.4.

For G>GB, the centrifugal effects intensify and the perturbation starts growing again
with β>0 further downstream, i.e. the G-vortices appear. At x̂=x̂TSw (thick gray dashed
line), the strong-growth Görtler instability (GS, β>0) ensues from the weakly growing
TScc-waves (TSccW, β<0). Much further downstream at x̂=x̂G a weak G-vortex growth
occurs (GW, β<0) and ultimately a stable boundary layer is computed downstream of
x̂=x̂ς0 (not shown). In the range GC2

<G<GD the region of weak TScc-wave instability
widens downstream. As the curvature increases, the G-vortices move closer to the leading
edge and the region of weak TScc-waves shortens.

For G>GD=1350, the regime of weak TScc-wave growth disappears. The Görtler
instability overcomes the weak negative-β TScc-wave growth and downstream of S1
the perturbations always grow with β>0. Therefore, for G>GD the pressure-centrifugal
imbalance caused by the curvature is sufficiently intense for the perturbation to grow as
G-vortices immediately downstream of the stable region. The three types of boundary-
layer instability thus occur only in the range GB<G<GD. In the top left corner of figure
4, we observe a very narrow streamwise region for 1400<G<GE=2380 where the K-modes
show β>0. Downstream of this thin region, the K-modes recover the negative curvature
and either start decaying in region S1 for 1400<G<GC1

or turn into G-vortices downstream
of x̂=x̂K for G>GC1

. For G>GE, the K-modes show negative β at any x̂ locations upstream
of the Görtler growth.

3.4. Asymptotic analysis at relatively high frequency

We investigate the effect of curvature for G=O(1) on the highly oblique TS-waves
generated by the receptivity mechanism first studied by Ricco & Wu (2007). We are
motivated by the numerical result, shown in figure 4, of the negligible influence of
curvature on the TS-wave growth and on the stable region S1 for moderate G values.

The Görtler terms, found in the y-momentum equation (2.11) of Viaro & Ricco (2019)
and scaled here in the (x̄=kxx,η) coordinate system for consistency with the receptivity
analysis by Ricco & Wu (2007), are

G

(2x̄)1/2

[
2F ′ū(x̄, η)− F ′2

T
τ̄(x̄, η)

]
κ

kz
, (3.1)

where κ=kzF−1/2 and T (η) is the mean-flow temperature. Ricco & Wu (2007) demon-
strated that the highly oblique TS-waves originate from decaying Lam-Rott eigensolu-
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tions. Extending Ricco & Wu (2007)’s triple-deck analysis to flows over concave surfaces
with κ�1 and G=O(1), in the lower deck (subscript L) the Görtler terms (3.1) become

G

(2x̄)1/2

[
2F ′′(0)ηLūL −

F ′′(0)
2

T (0)
η2L τ̄Lκ

]
κ2

kz
� ∂p̄L

∂ηL

= O(1), (3.2)

in the main deck (subscript M) they become

G

(2x̄)1/2

(
2F ′ūM −

F ′2

T
τ̄M

)
κ3/2

kz
� ∂p̄M

∂η
= O(1), (3.3)

and in the upper deck (subscript U) they are

2GūU

(2x̄)1/2
κ2

kz
� ∂p̄U

∂ηU

= O(1), (3.4)

where the pressure terms in (3.2), (3.3), and (3.4) are of the same order of the other terms



Neutral stability curves of compressible Görtler flow 9

Figure 7: Influence of the Görtler number on the streamwise location x̄c as a function κ
for the triple-deck solution (continuous line) and the LUBR solution (symbols) for M=3
and ky=1.

in the triple-deck y-momentum equations of Ricco & Wu (2007). The curvature terms
are thus negligible at first order and the flat-plate dispersion relation for the streamwise
wavenumber α1(x̄) is recovered (Ricco & Wu 2007),∫ ∞

η0

Ai(η̆)dη̆ − (iα1)−1/3
[
F ′′(0)

(2x1)1/2

]5/3 [
µ(0)

T (0)7

]1/3
Ai′(η0) = 0, (3.5)

where Ai(η) is the Airy function, x1=κx̄=O(1) is the scaled streamwise coordinate, and
η0=−[2iF ′′(0)α1x1T (0)/µ(0)]1/3/[α1F

′′(0)]. Numerical integration of (3.5) gives the local
growth rate, Im(α1). Figure 7 graphically shows the critical streamwise location x̄c where
the TScc-waves start to grow as a function of κ for different G values. Excellent agreement
is found between the LUBR computation and the triple-deck theoretical solution, i.e.
x̄c=Cκ−1. This comparison allows us to compute the proportionality constant, C=3.32.
The effect of the curvature only appears for κ>0.02 and G>23973, which is consistent
with the analytical results valid for κ�1 and G=O(1). These findings give full support
to the lines x̂ς0 confining the stable region S1 being nearly vertical for moderate G values,
as shown in figure 4. As the frequency increases, these lines become even more parallel
to the ordinate axis and extend to higher G values, which confirms that TS-waves are not
affected by the curvature when the frequency is sufficiently high. This also strengthens
the argument that the perturbations downstream of the stable region S1 can be classified
as TS-waves for moderate G.

3.5. Comparison with experimental data and previous theoretical results

In figure 8, the neutral curves computed by the LUBR equations for F=0 and ky=1 are
compared with neutral curves by other authors (dashed lines) for M=0 (left) and for M=3
(right). The figure also shows the positions x̂=x̂K where the K-modes shift to G-vortices
(dotted lines) and the streamwise locations and Görtler numbers of experimental data.

For M=0, figure 8 (left) shows that the theoretical neutral curve computed by the EV
framework of El-Hady & Verma (1983) fails to capture the unstable region near the
leading edge where the K-modes grow downstream. This is expected as the dynamics of
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(2006) ( , ), and locations where the K-modes become G-vortices (x̂=x̂K, ).

K-modes can only be computed through the inhomogeneous receptivity formalism of Leib
et al. (1999) and Wu et al. (2011). The receptivity framework by Hall (1990) includes the
effect of the oncoming disturbed flow and is therefore an improvement of Hall (1983)’s
approach, where the initial conditions for the parabolic equations modelled vortices that
were already inside the boundary layer without accounting for their generation caused
by the free-stream disturbances. Hall (1990)’s neutral curve shows good agreement with
our x̂K-line, downstream of which the G-vortices evolve from the K-modes. Nevertheless,
Hall (1990)’s curve is unable to predict the K-mode growth. Tani (1962)’s experimental
point of instability at the shortest distance from the leading edge is classified as stable by
El-Hady & Verma (1983) and Hall (1990), whereas our computations predict this point
as representative of growing K-modes. All the other points by Tani (1962) fall inside the
unstable region and are thus identified as G-vortices. We compare Tani (1962)’s data with
the neutral curve for F = 0 because, although Tani (1962) did not report the dominant
frequency of their free-stream disturbance, Wu et al. (2011) showed excellent agreement
between these data and their numerical results for steady conditions. The wind-tunnel
incompressible data by Boiko et al. (2010) have been shown by Viaro & Ricco (2018) to
fall within the region of Görtler instability.

As in the incompressible case, El-Hady & Verma (1983)’s neutral curve for M=3 in
figure 8 (right) does not predict the algebraic growth from the leading edge, although
the agreement with the LUBR solution improves as x̂ increases. The experimental data
by Ciolkosz & Spina (2006) at supersonic conditions, corresponding to perturbations
with a spanwise wavelength equal to 0.2 mm, fall in the unstable region and are thus
classified as G-vortices. Ciolkosz & Spina (2006) also measured the perturbations at the
same locations and flow conditions over a flat plate and no growing perturbations were
detected. This is also in agreement with our computations as these experimental points
all lie in the stable zero-G region downstream of the K-mode growth.
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